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I apply the recently developed formalism of generalized quasiclassical theory to show that us-
ing hybrid superconducting systems with non-collinear strong ferromagnets one can realize the
Josephson junction between Berezinskii-type superconductors. The reported calculation reproduces
main features observed in the recent experiment, namely the the slightly asymmetric double-slit
Fraunhofer interference pattern of the Josephson current through the ferromagnetic vortex. The
double-slit structure results from the spatially inhomogeneous Berezinskii state with the amplitude
controlled by the local angle between magnetic moments in two ferromagnetic layers. The critical
current asymmetry by the sign of magnetic field can signal the presence of spontaneous supercurrents
generated by the non-coplanar magnetic texture near the core of the ferromagnetic vortex core. I
demonstrate that ferromagnetic vortex can induce spontaneous vorticity in the odd-frequency order
parameter manifesting the possibility of the emergent magnetic field to create topological defects.
During the recent years large attention has been
devoted to the studies of long-range proximity
effect and spin-polarized Josephson currents car-
ried by the spin-triplet Cooper pairs in super-
conductor/ferromagnet/superconductor (S/F/S)
heterostructures1–4. This interest is motivated the
possible applications of spin-polarized superconducting
currents in spintronics. Much effort is invested to
the studies of tunable spintronic elements where the
Josephson current5–13 or the critical temperature14–19
are controllable by the magnetic degrees of freedom.
One of the possible ways for the implementation of such
a devise has been suggested in my work20 employing
the well-controlled properties of the nanomagnets with
vortex-like magnetization patterns. In that proposal I
have demonstrated that it is possible to gain the effective
control over the long-range proximity effect by tuning
the position of ferromagnetic (FM) vortex with the help
of external in-plane magnetic field.
Recently the conceptually similar devise has been re-
alized experimentally21. Schematically this system is
shown in the Fig.(1)a. It consists of two spin-textured
ferromagnets F and F’ with the magnetizations M and
M ′ and the superconducting layer S. The thin layer F’
is in the contact with superconductor and contains a
gap. The Josephson current flows through the layer F
which contains FM vortex. It has been observed that the
presence of FM vortex in the system results in the non-
trivial modification of the critical current dependence
Ic = Ic(H) as a function of the external magnetic field
H. The striking features produced by the FM vortex
is that this dependence becomes similar to the double-
slit Fraunhofer interference pattern instead of the usual
single-slit form produces by the homogeneous junction.
I demonstrate below that this behaviour can be con-
sidered as the direct experimental signatures of the
Josephson effect between Berezinskii-type superconduc-
tors characterized by the spin-triplet odd-frequency s-
wave order parameters22–29. Such superconducting state
FIG. 1. (Color online) (a) Geometry of the Josephson
S/F’/F devise with FM vortex in the F layer and the in-
plane magnetic texture in the F’ layer. (b) Model of the non-
homogeneous Josephson junction with usual ∆χ = χR − χL,
spin-dependent ∆α = αR−αL phase differences and the tex-
ture of the angle θ = θ(x) between M and hs ‖ M ′. (c)
Model dependence of sin θ(x) near the junction.
is induced in the F layer in result of the combined effect of
Zeeman splitting in the S electrode and filtering of equal-
spin (ES) Cooper pairs in F. Qualitatively the unusual
Fraunhofer patterns are explained by the intrinsic inho-
mogeneity of the induced Berezinskii state which depends
on the relative orientation of the local magnetic moments
in F and F’ layers, M and M ′ respectively. The ampli-
tude of induced order parameter is defined by the polar
angle θ between M and M ′, see Fig.1b. The variation of
θ = θ(x) resulting from the magnetic texture along the
junction leads to the the experimentally observed double-
slit pattern of the critical current21. Besides that, the az-
imuthal angle α produces spin-dependent phases of the
order parameter components. The variation of α arises in
non-coplanar magnetic textures and in strong ferromag-
nets with lifted spin degeneracy it produces spontaneous
supercurrents30–35. The spatial dependence of α = α(x)
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2along the junction is therefore equivalent to the emergent
localized magnetic field and results in the critical current
asymmetry Ic(H) 6= Ic(−H) which can signal the pres-
ence of spontaneous supercurrents trough the FM vortex.
The system shown in Fig. 1a can be described analyti-
cally using several assumptions. First, the layers are sup-
posed to be thin enough to neglect the variation magneti-
zation fields along the z coordinate. Next, the layer F’ is
assumed to induce an effective exchange field within the
superconducting electrode hs ‖M ′ . This model is jus-
tified by the small thickness of the F’ layer which allows
to neglect the variation of correlation functions along z.
The Green’s functions in F’/S layer can be found consid-
ering just the superconducting layer with the thickness-
averaged exchange field36 hs = hF ′dF ′/(dF ′ +dS) where
hF ′ ‖ M ′ is the exchange field in F’, dF ′ and dS are
the thickness of the F’ and S layers correspondingly. For
simplicity the density of states is taken equal in S and F’.
This exchange field leads to the significant critical tem-
perature suppression of the S/F’/F structure observed
in the experiment21. The role of this exchange field is
to produce the mixed-spin triplet Cooper pairs which
can be converted into the equal-spin correlations (ESC)
in the ferromagnetic layer due to the spin-dependent
tunnelling34,35.
The F layer hosting FM vortex has rather large thick-
ness as compared to the mean free path, so that only the
the equal-spin correlations (ESC) residing on separate
spin-split Fermi surfaces can penetrate to the full thick-
ness. The generalized Usadel equation describing ESC
quasiclassical propagators gˆσ derived in Ref.(
35) reads
Dσ∂ˆ(gˆσ∂ˆgˆσ)− [∆ˆσ + ωτˆ3, gˆσ] = 0 (1)
where σ = ±1 is the spin subband index, Dσ are the
spin-dependent diffusion coefficients. The covariant dif-
ferential operator is
∂ˆr = ∇r + iσZ[τˆ3, ·]− ieA[τˆ3, ·], (2)
where A is the electromagnetic vector potential, Z is the
adiabatic spin gauge field, and Dσ are the spin-dependent
diffusion coefficients. The generalized Usadel equation
(1) is supplemented by the expression for the current
j = ipiTe
∑
σ=±
∑
ω
νσDσTr[τ3gˆσ∂ˆr gˆσ], (3)
where ν± is the spin-up/down density of states (DOS).
The effective spin-dependent order parameter ∆ˆσ in
Eq.(1) describing the ES components of the proximity-
induced order parameter can be obtained from the non-
diagonal part of the general tunnelling self-energy37–40
Σˆ = γΓˆFˆ Γˆ†, (4)
where Fˆ = (g01σ0 + g31σnh)e
iχτ3 τˆ1 is the anomalous
Green’s function in the superconductor with exchange
field, nh = hs/hs. In the absence of spin-orbital relax-
ation the spin-singlet and spin-triplet parts are given by
g01 = [Fbcs(ω+ihs)+Fbcs(ω−ihs)]/2 and g31 = [Fbcs(ω+
ihs) − Fbcs(ω − ihs)]/2, where Fbcs(ω) = ∆/
√
ω2 + ∆2.
The spin-polarized tunnelling matrix has the form Γˇ =
tσˆ0τˆ0 + uσmτˆ3 where m = M/M is the direction of
magnetization in the ferromagnet and γ = σnR is the
parameter describing the barrier strength, R is the nor-
mal state tunnelling resistance per unit area. The nor-
malized tunnelling coefficients are t =
√
1 +
√
1− P 2/2,
u =
√
1 +
√
1− P 2/2 and P is the effective spin-filtering
coefficient that ranges from 0 (no polarization) to 1 (100
% filtering efficiency). Then the ES component of the
tunnelling self-energy is given by
ΣˆES = γg31e
iχτˆ3 [τˆ1σhs + P τˆ2σ(hs ×m)]. (5)
Projecting ΣˆES to the spin-up and spin-down states with
respect to the quantization axis set by the magnetization
m we get the ES components of the effective spin-triplet
order parameter
∆ˆσ = h⊥∆Fστ1eiτ3(χ+σα), (6)
with the amplitude given by ∆Fσ = −(1 + σP )g31 and
the prefactor h⊥ = sin θ which is the projection of ex-
change field to the plane perpendicular to the magneti-
zation direction, θ is the polar angle of hs in the coordi-
nate system defined by m. The distribution of sin θ can
be obtained by the micromagnetic simulations21 for the
realistic geometry. The additional spin-dependent phase
α in Eq.(6) is defined by the azimuthal angle of hs as
shown in Fig.(1)b. For the in-plane textures when both
m and hs lie in the xy plane the additional phase in
Eq.(6)is absent α = 0. However near FM vortex core the
texture becomes non-coplanar which leads to the gradi-
ents of α, which are coupled to the spin gauge field35,41
Z so that the combination
Vs = σ(∇α− 2Z) (7)
has the meaning of the texture-induced part of the
superfluid velocity. In strong ferromagnets with bro-
ken spin degeneracy Vs produces spontaneous charge
supercurrents30,35 resulting in the shift of the Fraunhoffer
pattern as shown below.
Due to the symmetry g31(ω) = −g31(−ω) the
pairing amplitude in Eq. (6) represents the odd-
frequency spin-triplet s-wave superconducting order pa-
rameter suggested by Berezinskii22 and intensively stud-
ied afterwards23–29. The odd superconducting correla-
tions has been studied in several setups with proximity-
induced superconductivity in ferromagnets2,42, nor-
mal metals43–45, topological insulators46,47 and non-
equilibrium systems48. Usually due to the broken
translational or/and spin-rotation symmetries the total
Cooper wave function in proximity systems is a super-
position of odd- and even- frequency components which
inevitably coexist at one and the same point43–49, ex-
cept the discrete set of points in the cores of proximity-
induced vortices50. In contrast, the order parameter in
3Eq.(6) represents the pure Berezinskii state without ad-
mixtures of spin-singlet and/or even-frequency compo-
nents. Therefore the setup shown in Fig.(1)a consisting
of two non-collinear strong ferromagnets emulates the
Josephson effect between two Berezinskii superconduc-
tors through the FM vortex. Note that the absence of
even-frequency spin-singlet pairings in the Eq.(6) is not
exact, since the singlet correlations can strictly speak-
ing penetrate even to the strong ferromagnetic layers.
However in the dirty regime the singlet amplitude is ex-
ponentially suppressed at distances larger than the mean
free path from the F/S interface, so that the presence of
such components does not affect transport properties in
the thick ferromagnetic layer.
Experimentally the signature of Josephson current
between proximity-induced Berezinskii superconductors
can be obtained due to the non-trivial structure of the or-
der parameter (6), which amplitude depends on the angle
θ between magnetic moments in F and F’ layers. Such a
dependence is peculiar for the spin-triplet odd-frequency
pairings since the spin-singlet component is not sensi-
tive to the exchange field rotations. As shown below,
that results in the striking modification of the Fraunhof-
fer pattern in the critical current as a function of external
magnetic field Ic = Ic(H) which reflects the inhomogene-
ity of the magnetic texture in the S/F’/F system. This
behaviour coincides qualitatively with recent experimen-
tal observations21.
The Josephson effect in the setup shown in Fig.(1)a
can be analysed using the formalism of Eqs.(1,3,6). Due
to the small distance between superconducting electrodes
one can use the model 1D system shown in Fig.1b which
is the long junction with gap functions in the leads given
by (6). There are two key points to understand the ex-
perimental results. First, the effective gap amplitude is
∆σ ∝ sin θ that is determined by the angle θ between m
and hs. As shown by the magnetization pattern data
21, θ
changes quite strongly along the junction both due to the
vortex-like pattern in F and the distortions of the mono-
domain state in F’ near the trench that cuts S and F’
layers. The model distribution of θ along the Josephson
junction that is used in calculations is shown in Fig.1c
and described by θ(x) = (pi/2)θ˜(x/LJ), where
θ˜(x˜) = tanh
(
x˜
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tanh
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)
tanh
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)
.
(8)
The basic features of this profile is that θ = 0 at the FM
vortex center x = 0 and at the edges x = ±LJ/2, while
reaching ±pi/2 at the middle points. The dimensionless
widths we and wc determine the shape of the Fraunhofer
pattern. Second, near the FM vortex core the magneti-
zation pattern is non-coplanar which generates both the
gauge fieldZ and the spin-dependent phase α = α(x) dis-
tribution along the junction. Using the model magneti-
zation distribution m = (m⊥ cosϕ,m⊥ sinϕ,mz), where
ϕ is the real-space polar angle one obtains Z = mz∇ϕ/2
and α = arctan[mz tan(ϕ − ϕ0)], where ϕ0 is the az-
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for |mz| = 1 the superfluid velocity (7) is zero Vs = 0.
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FIG. 2. (Color online) Interference patterns of the critical
current as functions of the total magnetic flux through the
junction Ic = Ic(H). Upper panel: homogeneous junction
(dashed curve) and in the presence of ferromagnetic (FM)
vortex (solid curve) described by the θ(x) distribution (8).
Lower panel: influence of the spin-dependent phase differ-
ence arising near the FM vortex core on the critical current.
∆α = 0 (dashed curve) and ∆α(x) 6= 0 given by the Eq. (9)
(solid curve). Spin polarization is assumed to be such that
j+ = 0.5j− for all curves. The asymmetry of red solid curve
Ic(H) 6= Ic(−H) shows the presence of spontaneous super-
conducting currents.
phase difference can be found integrating the superfluid
velocity across the junction ∆α =
∫ d
−d dyVSy, where 2d
is the junction width. For ϕ0 = 0 and provided that
mz ≈ const at the scale |y| < d one obtains in this way
∆α(x) = 2[arctan(mz tanϕ)−mzϕ] (9)
where ϕ = arctan(d/x).
The Josephson current can be calculated analytically
assuming that the proximity effect is weak and one can
use the linearized theory formulated for the component
fσ = Tr[(τx + iτy)gˆσ]/2. The linearized Usadel equation
and expression for the current across the junction read
Dσ∇ˆ2fσ − 2ωfσ −∆σ = 0 (10)
j = piTe
∑
σ=±
∑
ω
νσDσIm(fσ∇ˆf∗σ) (11)
Since the distance between superconducting electrodes
is small the order parameter distribution can be approx-
imated by the step-wise function
∆σ(y) = σh⊥∆F [cos(χσ/2) + iStep(y) sin(χσ/2)]. (12)
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imuthal angle of hs = hs(cosϕ0, sinϕ0, 0). Note that
for |mz| = 1 the superfluid velocity (7) is zero Vs = 0.
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phase difference can be f und integrating the superfluid
velocity across the juncti n ∆α
∫ d
−d dyVSy, where 2d
is the junction width. For ϕ0 = 0 and provided that
mz ≈ const at the scale |y| < d one obtains in this way
∆α(x) = 2[arctan(mz tanϕ)−mzϕ] (9)
where ϕ = arctan(d/x).
The Josephson current can be calculated analytically
assuming that the proximity effect is weak and one can
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4Since the distance between superconducting electrodes
is small, proximity-induced vortices50–53 cannot form in
the junction. Then the order parameter distribution can
be approximated by the step-wise function
∆σ(y) = h⊥∆Fσ[cos(χσ/2) + iStep(y) sin(χσ/2)]. (12)
It is convenient to choose the gauge so that Ay = 0
and neglect Ax component due to the small junction
width. Then the total phase difference is given by
χσ(x) = ∆χ + σ∆α(x) + φx/LJ , where ∆χ = χR − χL
and ∆α(x) = αR −αL are the usual and spin-dependent
phase differences, φ = Φ/Φ0 where Φ is the total mag-
netic flux through the junction area including the leads,
Φ0 is the flux quantum. The field Z is treated as locally
homogeneous and gauged it out by using the effective
phase difference (9).
Within the above assumptions the linearized Usadel
Eq.(10) can be solved analytically and Eq.(11) yields the
following expression for the Josephson current density
j(x) =
∑
σ=±
jσ(sin θ)
2 sinχσ, (13)
jσ =
piTeνσDσ
8
∑
ω
∆2Fσ
ξNσω2
, (14)
where ξNσ =
√
2|ω|/Dσ. The total critical current is the
given by Ic =
√
I21 + I
2
2 , where
I1 =
∑
σ
jσ
∫ LJ/2
−LJ/2
(sin θ)2 cos(φx+ σ∆α)dx (15)
I2 =
∑
σ
jσ
∫ LJ/2
−LJ/2
(sin θ)2 sin(φx+ σ∆α)dx. (16)
Fig.(2) presents the dependencies Ic = Ic(φ) calculated
according to the Eqs.(15,16) with the help model distri-
butions (8,9) for θ(x) and ∆α(x), respectively. The up-
per panel shows the standard single-slit pattern from the
homogeneous junction (dashed curve) and the double-slit
pattern produced by the junction with FM vortex (solid
curve). Here the spin-dependent phase is absent ∆α = 0.
The distribution of θ(x) is taken in the form (8) with free
parameters we,c. The homogeneous case is obtained in
the limit we, wc → 0. Increasing the widths we,v leads to
the gradual transform of the interference pattern which
at we = wc = 0.3 acquires the double-slit form shown
in the upper panel of the Fig.(2). Note that it is neces-
sary to take into account the suppression of θ(x) both at
the FM vortex core and at the boundary. In case when
we → 0 the interference pattern tends to the deformed
homogeneous picture.
The spin-dependent phase ∆α(x) can produce the
Josephson current (13) even in the absence of the usual
phase difference and external magnetic field. Since the
phase shift has opposite signs in spin-up/down subbands
the net effect on the current shows up only due to the
certain amount of spin-filtering in the system34,35, that
is j+ 6= j−. This is possible only if the spin-up and
spin-down diffusion coefficients and/or DOS are differ-
ent. The model distribution (9) produced by the FM
vortex leads to the non-trivial modification of the Fran-
hofer pattern, shown by the solid line in Fig.(2), lower
panel. The parameters here are d = 0.2LJ , j− = 0.5j+.
Asymmetric curve Ic(H) 6= Ic(−H) is qualitatively sim-
ilar to the one produced by the localized magnetic field
or the internal phase shifts in junctions between chiral
p-wave superconductors54. Here the asymmetry is finite
due to the spin filtering j+ 6= j− and thus it signal the
presence of spontaneous currents.
For the the S/F’/F setup with magnetic configurations
similar to Fig.(1)a the effect of spontaneous current is
rather tiny since the induced superfluid velocity is zero
Vs = 0 both at the center where mz = 0 and outside the
FM vortex core where mz = 1. The situation becomes
completely different for z · hs 6= 0. For example if hs =
hsz one can see that the spin-dependent phase is constant
∇α = 0 so that Vs = σmz∇ϕ/2 and has singularity at
r = 0. The current is however finite j ∼ h2⊥/r since
h⊥ =
√
1−m2z ∼ r. This behaviour is similar to the
orbital supercurrents around Abrikosov vortices in bulk
superconductors. Note that this texture-induced spon-
taneous current is not related to the anomalous Joseph-
son effect31–34,55–67 since it exists without the weak link
in the superconducting layer. The singularity of Z can
be removed by the gauge transform introducing the vor-
ticity to the spin-dependent phase α = ϕ. Therefore in
such system FM vortex generates singly-quantized super-
conducting vortices in the proximity-induced Berezinskii
superconductor. The physics of such vortices and super-
conducting kinks that are generated by magnetic domain
walls in the multilayer setups similar to the Fig.(1)a is po-
tentially quite rich but is beyond the scope of the present
paper.
To summarize, in this letter I explain the recent ob-
servation of the unusual magnetic field dependence of
critical current of the Josephson junction through fer-
romagnetic vortex. The key theoretical finding is that
the experimental results are consistent with the existence
of proximity-induced Berezinskii superconductors in the
S/F’/F systems with non-collinear strong ferromagnets.
The effective order parameter amplitude is defined by
the angle between magnetic moments in F and F’ layers.
The inhomogeneous distribution of this angle results in
the double-slit interference pattern of the critical current.
Besides that, the non-coplanar magnetic texture near the
FM vortex core generates spin-dependent phase gradients
and the emergent gauge field which can be combined into
the invariant combination yielding the spin-dependent
part of the superfluid velocity Vs. The lifted degener-
acy of DOS and diffusion coefficients in spin subbands in
strong ferromagnets converts Vs to the spontaneous su-
percurrent which is shown to result in the critical current
asymmetry I(H) 6= I(−H).
Finally, I show that FM vortex can induce sponta-
neous vorticity in the Berezinskii state, provided that
5the magnetization in F’ layer has an out-of-plane direc-
tion. That finding demonstrates that besides affecting
transport properties of textured magnets41,68 the emer-
gent gauge field can show up in the orbital motion of
spin-triplet Cooper pairs and even produce topological
defects in the superconducting order parameter . The re-
sult obtained here for the FM vortex are in general valid
for magnetic skyrmions as well, owning to the similarity
in their magnetization distributions.
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